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Can Temperature Be Quantized?
Li-Xin Li
Department of Physics, Beijing Normal University, Beijing 100875, China
Abstract: It is shown that the temperature may be quantized in some spacetime
due to the periodically topological structure of the Euclidean section. The quanta of
the temperature is the Hawking-Unruh temperature.
PACS numbers: 04.62.+v, 05.30.-d
In the Euclidean quantum theory physical functions in the Lorentzian section of a
complexified spacetime are assumed to be analytically continued from some functions in
the Euclidean section [1, 2]. The non-trivial topological structure of the Euclidean sec-
tion may cause some interesting effects in the Lorentzian section. For example, people
have found that in a Lorentzian section whose corresponding Euclidean section is peri-
odic in the Euclidean time τ = it there is the Hawking-Unruh effect (such as in the black
hole spacetime and the de Sitter spacetime). In such a spacetime (Here we call it the
Lorentzian Hawking-Unruh type spacetime (L-HU-spacetime), and call the correspond-
ing Euclidean section the Euclidean Hawking-Unruh type spacetime (E-HU-spacetime)),
observers whose worldlines are the integral curves of (∂/∂t)a, feel that they are in a ther-
mal bath with the temperature T0 = 1/β0 = κ/2π, where β0 is the period of the Euclidean
time and κ is the surface gravity of the event horizon [3 - 5]. In this letter I show that
in a L-HU-spacetime the temperature may be quantized with the quanta T0 which is the
lowest possible temperature for the thermal equilibrium.
1
It is well known that the Euclidean thermal Green function GT (τ, ~x; τ
′, ~x′) is a periodic
(for bosons) or anti-periodic (for fermions) function of τ (and τ ′) with the period β = 1/T
where T is the temperature [6, 7]. This holds for systems with vanishing chemical potential
in a stationary spacetime or a conformally stationary spacetime [7]. It is easy to show
that β is the fundamental period of such functions. For example, for the scalar field,
GT (τ, ~x; τ
′, ~x′) = itr[e−βHT (φ(τ, ~x)φ(τ ′, ~x′))]/tr(e−βH) where T denotes the Wick time-
ordering. GT (τ, ~x; τ
′, ~x′) = GT (τ + α, ~x; τ
′, ~x′) (0 < α ≤ β) leads to
∑
mn(e
(α−β)Em−αEn −
e−βEn)|〈m|φ(τ, ~x)|n〉|2 = 0 (H|m〉 = Em|m〉 and 〈m|n〉 = δmn) in the limit τ
′ → τ and
~x′ → ~x, which immediately results in α = β.
In an E-HU-section with the period β0 in the Euclidean time τ , every thermal Green
function for bosons should be periodic with respect to the translation τ → τ + β0 [4, 7].
While it is also a periodic function of τ with the fundamental period β, we must have
β0 = nβ (n = 1, 2, ...) because every doubly-periodic function reduces to a singly-periodic
function when the ratio of the two periods is real [8]. Such a conclusion also holds for
fermions since an anti-periodic function with the period β is also a period function with the
period 2β and every spinor thermal Green function for fermions should be anti-periodic
with respect to the translation τ → τ + β0 [7]. Therefore the allowed temperature in the
Lorentzian section is
Tn = nT0, n = 1, 2, ...
with T0 = 1/β0 = κ/2π, which means that in the L-HU-spacetime, the temperature should
be quantized with quanta T0, and T0 is the lowest possible temperature for the thermal
equilibrium.
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